
Chapter 1

Levy’s family and observable
diameters

Abstract

The concentration of measure phenomenon come with important notation called the
observable diameter, being the smallest number D such that forall 1-lipschitz function
f from X to R, where X is a metric measure space, except on a set with measure κ,
the value of f is concentrated in interval with length D.

From Hayden’s work, we know that a random pure state bipartite system, the en-
tropy is nearly the maximal and the entropy function has Lipschitz constant upper
bounded by

√
8 log2(dA) for dA ≥ 3. We can use the entropy function as a proxy for

the observable diameter.

Altogether, we experimenting how entropy concentration reflects the geometry of
high dimensional spheres, generic bipartite projective state spaces, and symmetric quan-
tum state manifolds.

In this section, we will explore how the results from Hayden’s concentration of measure theorem can
be understood in terms of observable diameters from Gromov’s perspective and what properties it
reveals for entropy functions.

We will try to use the results from previous sections to estimate the observable diameter for complex
projective spaces.

1.1 Observable diameters

Recall from previous sections, an arbitrary 1-Lipschitz function f : Sn → R concentrates near a
single value a0 ∈ R as strongly as the distance function does.
Definition 1. Let X be a topological space with the following:

1. X is a complete (every Cauchy sequence converges)

2. X is a metric space with metric dX
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3. X has a Borel probability measure µX

Then (X, dX , µX) is a metric measure space.
Definition 2. Let (X, dX) be a metric space. The diameter of a set A ⊂ X is defined as

diam(A) = sup
x,y∈A

dX(x, y).

Definition 3. Let (X, dX , µX) be a metric measure space, For any real number α ≤ 1, the partial
diameter of X is defined as

diam(A;α) = inf
A⊆X|µX(A)≥α

diam(A).

This definition generalize the relation between the measure and metric in the metric-measure space.
Intuitively, the space with smaller partial diameter can take more volume with the same diameter
constrains.

However, in higher dimensions, the volume may tend to concentrates more around a small neigh-
borhood of the set, as we see in previous chapters with high dimensional sphere as example. We
can safely cut κ > 0 volume to significantly reduce the diameter, this yields better measure for
concentration for shapes in spaces with high dimension.
Definition 4. Let X be a metric-measure space, Y be a metric space, and f : X → Y be a
1-Lipschitz function. Then f∗µX = µY is a push forward measure on Y .

For any real number κ > 0, the κ-observable diameter with screen Y is defined as

ObserDiamY (X;κ) = sup{diam(f∗µX ; 1− κ)}

And the obbservable diameter with screen Y is defined as

ObserDiamY (X) = inf
κ>0

max{ObserDiamY (X;κ)}

If Y = R, we call it the observable diameter.

If we collapse it naively via

inf
κ>0

ObserDiamY (X;κ),

we typically get something degenerate: as κ → 1, the condition “mass ≥ 1 − κ” becomes almost
empty space, so diam(ν; 1− κ) can be forced to be 0 (take a tiny set of positive mass), and hence
the infimum tends to 0 for essentially any non-atomic space.

This is why one either:

1. keeps ObserDiamY (X;κ) as a function of κ (picking κ to be small but not 0), or

2. if one insists on a single number, balances “spread” against “exceptional mass” by defining
ObserDiamY (X) = infκ>0max{ObserDiamY (X;κ), κ} as above.
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The point of the max{·, κ} is that it prevents cheating by taking κ close to 1: if κ is large then the
maximum is large regardless of how small ObserDiamY (X;κ) is, so the infimum is forced to occur
where the exceptional mass and the observable spread are small.

Few additional proposition in [shioya2014metricmeasuregeometry] will help us to estimate the
observable diameter for complex projective spaces.
Proposition 5. Let X and Y be two metric-measure spaces and κ > 0, and let f : Y → X be a
1-Lipschitz function (Y dominates X, denoted as X ≺ Y ) then:

1. diam(X, 1− κ) ≤ diam(Y, 1− κ)

2. ObserDiam(X;−κ) ≤ diam(X; 1− κ), and ObserDiam(X) is finite.

3. ObserDiam(X;−κ) ≤ ObserDiam(Y ;−κ)

Proof. Since f is 1-Lipschitz, we have f∗µY = µX . Let A be any Borel set of Y with µY (A) ≥ 1−κ
and f(A) be the closure of f(A) in X. We have µX(f(A)) = µY (f

−1(f(A))) ≥ µY (A) ≥ 1− κ and
by the 1-lipschitz property, diam(f(A)) ≤ diam(A), so diam(X; 1−κ) ≤ diam(A) ≤ diam(Y ; 1−κ).

Let g : X → R be any 1-lipschitz function, since (R, | · |, g∗µX) is dominated by X, diam(R; 1−κ) ≤
diam(X; 1− κ). Therefore, ObserDiam(X;−κ) ≤ diam(X; 1− κ).

and
diam(g∗µX ; 1− κ) ≤ diam((f ◦ g)∗µY ; 1− κ) ≤ ObserDiam(Y ;−κ)

Proposition 6. Let X be an metric-measure space. Then for any real number t > 0, we have

ObserDiam(tX;−κ) = tObserDiam(X;−κ)

Where tX = (X, tdX, µX).

Proof.

ObserDiam(tX;−κ) = sup{diam(f∗µX ; 1− κ)|f : tX → R is 1-Lipschitz}
= sup{diam(f∗µX ; 1− κ)|t−1f : X → R is 1-Lipschitz}
= sup{diam((tg)∗µX ; 1− κ)|g : X → R is 1-Lipschitz}
= t sup{diam(g∗µX ; 1− κ)|g : X → R is 1-Lipschitz}
= tObserDiam(X;−κ)

1.1.1 Observable diameter for class of spheres

In this section, we will try to use the results from previous sections to estimate the observable
diameter for class of spheres.
Theorem 7. For any real number κ with 0 < κ < 1, we have

ObserDiam(Sn(1);−κ) = O(
√
n)
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Proof. First, recall that by maxwell boltzmann distribution, we have that for any n > 0, let I(r)
denote the measure of standard gaussian measure on the interval [0, r]. Then we have

lim
n→∞

ObserDiam(Sn(
√
n);−κ) = lim

n→∞
sup{diam((πn,k)∗σ

n; 1− κ)|πn,k is 1-Lipschitz}

= lim
n→∞

sup{diam(γ1; 1− κ)|γ1 is the standard gaussian measure}

= diam(γ1; 1− κ)

= 2I−1(
1− κ

2
) cutting the extremum for normal distribution

By proposition 6, we have

ObserDiam(Sn(
√
n);−κ) =

√
nObserDiam(Sn(1);−κ)

So ObserDiam(Sn(1);−κ) =
√
n(2I−1(1−κ

2 )) = O(
√
n).

From the previous discussion, we see that the only remaining for finding observable diameter of
CPn is to find the lipchitz function that is isometric with consistent push-forward measure.

To find such metric, we need some additional results.
Definition 8. Let M be a smooth manifold. A Riemannian metric on M is a smooth covariant
tensor field g ∈ T 2(M) such that for each p ∈M , gp is an inner product on TpM .

gp(v, v) ≥ 0 for each p ∈M and each v ∈ TpM . equality holds if and only if v = 0.
Theorem 9. Let (M̃, g̃) be a Riemannian manifold, let π : M̃ → M be a surjective smooth
submersion, and let G be a group acting on M̃ . If the action is

1. isometric: the map x 7→ φ · x is an isometry for each φ ∈ G.

2. vertical: every element φ ∈ G takes each fiber to itself, that is π(φ · p) = π(p) for all p ∈ M̃ .

3. transitive on fibers: for each p, q ∈ M̃ such that π(p) = π(q), there exists φ ∈ G such that
φ · p = q.

Then there is a unique Riemannian metric on M such that π is a Riemannian submersion.

A natural measure for CPn is the normalized volume measure on CPn induced from the Fubini-
Study metric. [lee˙introduction˙2018] Example 2.30
Definition 10. Let n be a positive integer, and consider the complex projective space CPn defined
as the quotient space of Cn+1 by the equivalence relation z ∼ z′ if there exists λ ∈ C such that
z = λz′. The map π : Cn+1 \ {0} → CPn sending each point in Cn+1 \ {0} to its span is surjective
smooth submersion.

Identifying Cn+1 with R2n+2 with its Euclidean metric, we can view the unit sphere S2n+1 with its
roud metric g̊ as an embedded Riemannian submanifold of Cn+1 \{0}. Let p : S2n+1 → CPn denote
the restriction of the map π. Then p is smooth, and its is surjective, because every 1-dimensional
complex subspace contains elements of unit norm.
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There are many additional properties for such construction, we will check them just for curiosity.

We need to show that it is a submersion.

Proof. Let z0 ∈ S2n+1 and set ζ0 = p(z0) ∈ CPn. Since π is a smooth submersion, it has a smooth
local section σ : U → Cn+1 defined on a neighborhood U of ζ0 and satisfying σ(ζ0) = z0 by the
local section theorem (Theorem ??). Let v : Cn+1 \ {0} → S2n+1 be the radial projection on to the
sphere:

v(z) =
z

|z|

Since dividing an element of Cn+1 by a nonzero scalar does not change its span, it follows that
p ◦ v = π. Therefore, if we set σ̃ = v ◦ σ, then σ̃ is a smooth local section of p. Apply the local
section theorem (Theorem ??) again, this shows that p is a submersion.

Define an action of S1 on S2n+1 by complex multiplication:

λ(z1, z2, . . . , zn+1) = (λz1, λz2, . . . , λzn+1)

for λ ∈ S1 (viewed as complex number of norm 1) and z = (z1, z2, . . . , zn+1) ∈ S2n+1. This is easily
seen to be isometric, vertical, and transitive on fibers of p.

By (Theorem 9). Therefore, there is a unique metric on CPn such that the map p : S2n+1 → CPn

is a Riemannian submersion. This metric is called the Fubini-study metric.

1.1.2 Observable diameter for complex projective spaces

Using the projection map and Hopf’s fibration, we can estimate the observable diameter for complex
projective spaces from the observable diameter of spheres.
Theorem 11. For any real number κ with 0 < κ < 1, we have

ObserDiam(CPn(1);−κ) ≤ O(
√
n)

Proof. Recall from Example 2.30 in [lee˙introduction˙2018], the Hopf fibration fn : S2n+1(1) →
CPn is 1-Lipschitz continuous with respect to the Fubini-Study metric on CPn. and the push-
forward (fn)∗σ

2n+1 coincides with the normalized volume measure on CPn induced from the Fubini-
Study metric.

By proposition 5, we have ObserDiam(CPn(1);−κ) ≤ ObserDiam(S2n+1(1);−κ) ≤ O(
√
n).

1.2 Use entropy function as estimator of observable diameter for
complex projective spaces

In this section we describe a Monte Carlo pipeline for comparing concentration phenomena across
three metric-measure spaces using real-valued entropy observables. The goal is not to compute the
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exact observable diameter

ObsDiamR(X;−κ) = sup
f∈Lip1(X,R)

diam(f∗µX ; 1− κ),

but to estimate it by choosing a specific observable f : X → R and then measuring the partial
diameter of its push-forward distribution. Thus all numerical quantities below should be interpreted
as entropy-based observable-diameter proxies, not exact observable diameters in Gromov’s sense
[MGomolovs; shioya2014metricmeasuregeometry].

The screen is R equipped with the Euclidean metric, and for a fixed κ ∈ (0, 1) we set

α = 1− κ.

Given sampled values y1, . . . , yN ∈ R of the observable, the code sorts them and computes the
shortest interval [a, b] containing at least ⌈αN⌉ samples. Its width

b− a

is the empirical partial diameter of the push-forward measure on R.

To compare this width with the true observable diameter, the code also estimates an empirical
Lipschitz constant of the chosen observable. If xi, xj ∈ X are sampled states and f(xi), f(xj) are
the corresponding observable values, then the sampled slopes are

|f(xi)− f(xj)|
dX(xi, xj)

,

where dX is the metric of the ambient space. The code records both the maximum sampled slope
and the 0.99-quantile of these slopes. Dividing the empirical partial diameter by these sampled
Lipschitz constants gives two normalized proxies:

diam(f∗µX ; 1− κ)

Lmax
and

diam(f∗µX ; 1− κ)

L0.99
.

If the chosen observable were exactly 1-Lipschitz, these normalized quantities would coincide with
the raw width. In practice they should be viewed only as heuristic lower-scale corrections.

1.2.1 Random sampling using standard uniform measure on the unit sphere

The first family of spaces is the real unit sphere

Sm−1 = {x = (x1, . . . , xm) ∈ Rm : ∥x∥2 = 1} ,

equipped with the geodesic distance

dS(x, y) = arccos⟨x, y⟩

and the normalized Riemannian volume measure. This is the standard metric-measure structure
used in concentration of measure on spheres [lee˙introduction˙2018; romanvershyni; shioya2014metricmeasuregeometry].
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Sampling is performed by drawing a standard Gaussian vector g ∈ Rm and normalizing:

x =
g

∥g∥2
.

This produces the uniform distribution on Sm−1.

The observable is a Shannon entropy built from the squared coordinates:

fsphere(x) = −
m∑
i=1

x2i log2(x
2
i ).

Since (x21, . . . , x
2
m) is a probability vector, fsphere takes values in [0, log2m], and the code records

log2m as the natural upper bound of the observable.

For each chosen dimension m, the experiment generates N independent samples x(1), . . . , x(N),
computes the values

fsphere(x
(1)), . . . , fsphere(x

(N)),

and then evaluates the shortest interval containing mass at least 1 − κ. This gives an empirical
observable-diameter proxy for the sphere family. The code also computes the empirical mean,
median, standard deviation, and the normalized proxies obtained from sampled Lipschitz ratios.

The experiment produces histograms of the observable values, upper-tail deficit plots for log2m−
fsphere(x), and family-wise comparisons of partial diameter, standard deviation, and mean deficit.
When available, these plots are overlaid with theoretical concentration scales derived from Lévy’s
lemma and related results [lee˙introduction˙2018].

Entropy distribution for S15 Entropy distribution for S255

1.2.2 Visualized the concentration of measure phenomenon on complex projec-
tive space

The second family is complex projective space

CP dAdB−1,

viewed as the space of pure states in CdA ⊗CdB modulo global phase. Geometrically, this space is
equipped with the Fubini–Study metric and its associated normalized volume measure [lee˙introduction˙2018;
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Bengtsson˙Zyczkowski˙2017]. Numerically, a projective point is represented by a unit vector

ψ ∈ CdAdB , ∥ψ∥ = 1,

and distances are computed by the Fubini–Study formula

dFS([ψ], [ϕ]) = arccos |⟨ψ, ϕ⟩|.

Sampling is implemented by drawing a complex Gaussian matrix

G ∈ CdA×dB ,

with independent standard complex normal entries, and then normalizing it so that

ψ =
vec(G)

∥ vec(G)∥
.

This is equivalent to Haar sampling on the unit sphere in CdAdB and hence induces the standard uni-
tarily invariant measure on CP dAdB−1 [Bengtsson˙Zyczkowski˙2017; Nielsen˙Chuang˙2010].

The real-valued observable is the bipartite entanglement entropy. Writing

ρA = TrB |ψ⟩⟨ψ|,

the code defines

fCP([ψ]) = S(ρA) = −Tr(ρA log2 ρA).

Equivalently, if λ1, . . . , λdA are the eigenvalues of ρA, then

fCP([ψ]) = −
dA∑
i=1

λi log2 λi.

This observable takes values in [0, log2 dA].

For each dimension pair (dA, dB), the experiment samples N independent Haar-random pure states,
computes the entropy values, and then forms the empirical push-forward distribution on R. The
shortest interval containing mass at least 1−κ is reported as the entropy-based observable-diameter
proxy. In addition, the code plots histograms, upper-tail deficit plots for

log2 dA − S(ρA),

and family-wise comparisons of partial diameter, standard deviation, and mean deficit. When avail-
able, these plots are overlaid with the Page average entropy and with Hayden-style concentration
scales, which serve as theoretical guides rather than direct outputs of the simulation [Hayden;
Hayden˙2006; Pages˙conjecture˙simple˙proof].
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Entropy distribution for CP 15 ⊗ CP 15 Entropy distribution for CP 255 ⊗ CP 255

1.3 A conjecture on observable diameter for complex projective
spaces

Given all the simulations so far, what does the concentration theorem generalize the behavior of
the lipschitz function Sn → R and the lipschitz function CPn → R as n→ ∞?

Hayden’s work suggests that if the entropy function is a “good” proxy for the observable diameter,
the difference of the order of the growth between ObserDiam(CPn(1);−κ) and ObserDiam(S2n+1(1);−κ)
should be smaller than O(

√
n).

Theorem 12. Wu’s conjecture

For 0 < κ < 1,
ObserDiam(CPn(1);−κ) = O(

√
n).

The sketch for the proof is as follows:

• Entropy function is not globally lipschitz, so we need to bound the deficit of the entropy
function.

• Normalize by the Lipschitz constant of f to obtain a weak lower bound for the observable
diameter with the algebraic varieties on CPn(1).

• Continue to study and interpret the overall concentration mechanism geometrically through
the positive Ricci curvature of the Fubini–Study metric and Lévy–Gromov type inequalities.
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